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Number theory encompasses anything relating to propeartiesegers. In contests, we typically
encounter problems involving divisibility and factoriat. We let gcdp, q) represent the greatest
common denominator and let Igip, g) the least common multiple of integepsandq.

1 Divisibility and Factoring
Some problems can be solved by using only basic propertieb,a&s our first problem.
Problem 1.1 Find all positiven such than? — 19n+ 99 is a perfect square. (AIME)

Solution. Let n? — 19n+ 99 = k? for some integek. Then we solven® — 19n+ 99— k? = 0 using
the quadratic formula to get= % <1Qi V1% —4(99— kZ)). Since we wanh to be an integer,

the discriminant must be an integer. Thus? 194(99—k?) = j2 for some integerj. Moreover,
sincej plus/minus 19 must be divisible by 2must be odd. Expanding, we hav?4-35= j2, or
4k? — j2 = 35, Hence 2k — j)(2k+ j) = 35. So X— j and X+ j must be integers, and since we
only care abouj?, we will seek positive cases.

One case isR— j =1 and X+ j = 35, giving j = 17, s0j? = 289. The other case ik2 j =5
and X+ j =7, givingj =1, soj?2 = 1. Hencek? = 81 ork? = 9 which impliesn=1,9,10,18. O

The Fundamental Theorem of Arithmetic says that any pasititegem can be represented in
exactly one way as the product of prime numbers, so that therfaations ofp andq are identical
ifand only if p=gq.

The numberf dividesn if and only if none of the powers of the primes in the factdtiima of f
are greater than those of Specifically,f dividesn ktimes if and only if there is no primpin the
factorization off that appears more th%’ntimes as often as it appears in the factorization.of

On a related note, if some integéwdivides integersp andq, thenf dividesmp+ ng, wherem
andn are any integers.

Problem 1.2 How many times does 3 divide 28!?

Solution. We reason that the answer is the sum of how many times 3 dieidels of 12,...,28.
Of the numbers 1 through 28, exactl§2 | are multiples of 3| 2}| are multiples of 3, etc (where
|x] is thefloor functionand represents the greatest integer les than or equpal To count the total
number ofp’s appearing in their factorizations, we compute¢ 9+1+0+0+0+---=13. O

The generalized result is as follows.

Theorem 1.1. A prime number p divides! maxactlyzl {%J times.
i=

1



This fact enables us to determine how many Q’s appear at thefer. Because there are more
2's than 5's in the factorization afl, the number of O’s at the end of is the number of 5's in its
factorization.

Problem 1.3 How many factors does 120 have?

Solution. Since 120= 23.3%. 5!, we consider the three sefg’, 2%, 22,231 {3°,31}, {5°,5'}. Any
number formed by picking exactly one element from each afél8sets and multiplying them will
be a divisor 120. Hence, there are24 2 = 16 positive integers that divide 120. O

Theorem 1.2, n= p*pR2--- pe has(m +1)(m +2) - - (N + 1) factors.

The greatest common divisor af andn is defined to be the largest integer that divides both
mandn. Two numbers whose largest common divisor is 1 are calledively prime even though
neitherm nor n is necessarily prime. There are two notable ways to compedémgn): factoring
and theEuclidean algorithm

Theorem 1.3 (Euclidean algorithm version 1). Let n> m. If m divides n, thegcdm,n) = m.
Otherwisegcdn,m) = gedm,n—m- [1]).

Theorem 1.4 (Euclidean algorithm version 2). For any positive integers m and n, there exists
integers g and r such th&@<r < nand m=nqg+r.

Problem 1.4 Find gcd4897,1357).
Solution. Note that factoring would be time consuming. We use the Baalh algorithm.

gcd(4897,1357) = ged(1357,4897— 3-1357) = ged(1357,826)
= gcd(826,1357— 1-826) = gcd(826 531)
=gcd(531,826— 1-531) = gcd(531,295)
= gcd(295531—1-295) = gcd(295,236)
= gcd(236,295— 1-236) = gcd(236,59)

and since 59 divides 236, we have #897,1357) = gcd(236,59) = 59. O

The most useful definition of the least common multiple is
mn
gedm,n)’

The Euler phi-functiord(n), denotes the number of positive integers less than or eguahiat
are relatively prime to. If we let ps, p2, ..., px denote all of the distinct prime number that divide

n, then
b = ”(plpi l) <p2p; 1> (pkp; 1> '

lecm(m,n) =

2 Modulo Tricks

The Euclidean algorithm states that there exists integjarglr such that 6 r < pandn= pg+r.
We definen modulop — or simplym modp—to ber. Thatis,r =n modp. There are a number
of little theorems that apply to modulos.



Theorem 2.1. kn+c=c modn for any integers k, n, and c.
Theorem 2.2. (kn+c¢)™=c™ modn for any integers k, n, and c, and positive integer m.

Theorem 2.3 (Fermat’sLittleTheorem). aP~t=1 modp for relatively prime integers a and p,
where p is prime.

Theorem 2.4 (Euler’s Theorem). a®™ =1 modn for relatively prime integers a and n.
Theorem 2.5 (Wilson’sTheorem). (p—1)! =—1 modp, where p is prime.

Whenever the word remainder appears, you should immeglidiielk modulos. Likewise, de-
termining the last few digits of a number should make you i#ranodulos.

The above theorems are merely suppliments to the algebraahebe performed on modular
equations, which we outline here. The rules of modular amittic can be summarized as follows.

1. The only numbers that can be divided byin modulo n are those that are multiples of
gcdm,n), each of which leaves géah, n) different residues.

2. When multiplying bym in modulo n, the only numbers that can result are multiples of
gcdm,n). There are gcn, n) distinct residues that all lead to the same number when-multi
plied bym.

3. Taking the square root of both sides is “normal” only impgi modulos. (For example, the
solutions ton? =1 mod 8 are not onlyn = +1 mod 8 but more completely = +1, +3
mod 8.)

4. When solving for integer solutions in modulpany integer multiple of can be added to or
subtracted from any number. (This includes adding mukiplien to square roots of negative
numbers.)

5. All other operations behave normally according to thexddad rules of algebra over the
integers.

Problem 2.1 Find all positive integers less than 100 such that + n+ 31 is divisible by 43.

Solution. Of course the problem is asking us to sohfer- n+31=0 mod 43. Using the quadratic
formula, we find thatn = § (—14+/~123) mod 43. However, because123= —123+ 43k
mod 43 for any integek, we can replace-123 with —123-+ 43-5 = 49 to obtainn = % (=1+7)
mod 43. Thusn= 3,—4 mod 43. Adding 43 and 86 to each of these gives all soluti8nl9, 46,
82, and 89. O

3 Linear Diophantine Equations

Many problems deal with simple linear equations in two Jaga, such asax+ by = c, where we
are asked to find the number of integer solutions, or maybw g@éeticular integer solutions. This
kind of thing is really a number theory problem.

Theorem 3.1. The equation ax by = c, where a, b, and ¢ are integers, has an integer solution if
and only ifgcd(a, b) divides c. Moreover, ifxo,Yo) is one such solution, then the others are given
by x= xo+ bt and y= yp + at for every integer t.



Of course, the above theorem is generalizable to any nunfilisear variables and coefficients.
Problem 3.1 Characterize the solutions taF 3y = 8.

Proof. Since gcd3,7) = 1 divides 8, there are solutions. From the Euclidean algworitwe have
7=3-2+1, or 1=7+3(—2). Multiplying by 8, we have 8 7-8+ 3(—16) so that(8,—16) is a
solution. Thus all solutions ar@+ 3t, —16+ 7t) for every integet. O

Problem 3.2 Letnbe a positive integer. Suppose there are 2016 orderedst(iphe z) of positive
integers satisfying the equatian+ 8y + 8z = n. Find the maximum value of.

Proof. Write n = 8a+ b wherea andb are integers with X a,b < 8. Sincex=n=Db mod 8,
the possible values of areb,b+8,...,b+8(a—1). Letx=Db+ 8 where 0<i <a—1. Then
8(y+2z) =8(a—i), ory+z=a—i. This givesa—i—1 ordered pairgy,z) of positive integer
solutions:(1,a—i—1),...,(a—i—1,1). Hence, there are

Z(a—i ~1)= Zi - a(az_ Y

ordered triples satisfying the conditions of the problemividg a(a— 1) /2 = 2016 we have = 64.
Thus, the maximum value ofis obtained by setting = 7: 64-8+ 7 = 519. O

4 Exercisesand Problems

(1) How many factors does 800 have?
(2) How many times does 7 divide 100!?
. e . . —6 .
(3) What is the smallest positive integefor which 52T17 is non-zero and reducible?

(4) In Mathworld, the basic monetary unit is the Jool, and aleotimits of currency are equivalent
to an integral number of Jools. If it is possible to make thehlMarld equivalents of $299
and $943, then what is the maximum possible value of a Joering of dollars?

(5) Find 83+ 6% mod 49.
(6) What are the last three digits 0f%8%?
(7) Compute the remainder when 2008! is divided by 2011.

(8) (ARML 1999) How many ways can one arrange the numbers 21,3154 61, 71, and 81
such that any four consecutive numbers add up to a multipd® of

(9) Determine all positive integers< 100 such thah® — n? + 57 is divisible by 73.
(10) Find all integera such that 8+ 3 is a perfect square.
(11) Determine all triples of integer,y,z) such that 8+ 4y+ 5z = 6.
(12) (USAMO 1979) Find all non-negative integer solutidmg, ny, ...,N14) to

ni+ns+---+nj, = 1599



